We study the large-j asymptotics of the Euclidean EPRL/FK spin foam amplitude on a 4d simplicial complex with arbitrary number of simplices. We show that for a critical configuration {j f , gve, n ef } in general, there exists a partition of the simplicial complex into three regions: Nondegenerate region, Type-A degenerate region and Type-B degenerate region. On both the nondegenerate and Type-A degenerate regions, the critical configuration implies a non-degenerate Euclidean geometry, while on the Type-B degenerate region, the critical configuration implies a vector geometry. Furthermore we can split the Non-degenerate and Type-A regions into sub-complexes according to the sign of Euclidean oriented 4-simplex volume. On each sub-complex, the spin foam amplitude at critical configuration gives a Regge action that contains a sign factor sgn(V4(v)) of the oriented 4-simplices volume. Therefore the Regge action reproduced here can be viewed as a discretized Palatini action with on-shell connection. The asymptotic formula of the spin foam amplitude is given by a sum of the amplitudes evaluated at all possible critical configurations, which are the products of the amplitudes associated to different type of geometries.
Loop Quantum Gravity (LQG) is an attempt to make a background independent, non-perturbative quantization of 4-dimensional General Relativity (GR) -for reviews, see [1] [2] [3] [4] [5] [6] . It is inspired by the classical formulation of GR as a dynamical theory of connections. Starting from this formulation, the kinematics of LQG is well-studied and results in a successful kinematical framework (see the corresponding chapters in the books [3, 5] ), which is also unique in a certain sense. However, the framework of the dynamics in LQG is still largely open so far. There are two main approaches to the dynamics of LQG, they are (1) the Operator formalism of LQG, which follows the spirit of Dirac quantization or reduced phase space quantization of constrained dynamical system, and performs a canonical quantization of GR [7] [8] [9] [10] [11] [12] ; (2) the covariant formulation of LQG, which is currently understood in terms of the spin foam models [1, [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . The relation between these two approaches is well-understood in the case of 3d quantum gravity [23] , while for 4d quantum gravity, the situation is much more complicated and there are some attempts [24] [25] [26] [27] [28] for relating these two approaches.
The present article is concerning the framework of spin foam models. The current spin foam models for quantum gravity are mostly inspired by the 4-dimensional Plebanski formulation of GR [29] [30] [31] (or Plebanski-Holst formulation by including the Barbero-Immirzi parameter γ), which is a BF theory constrained by the condition that the B field should be "simple" i.e. there is a tetrad field e I such that B = (e ∧ e). Currently one of the successful spin foam models is the EPRL/FK model defined in [15] [16] [17] [18] [19] , whose implementation of simplicity constraint is understood in the sense of [32] [33] [34] . The EPRL vertex amplitude is shown to reproduce the classical discrete GR in the large-j asymptotics [35, 36] . Recently, The fermion coupling is included in the framework of EPRL spin foam model [37, 38] , and a q-deformed EPRL spin foam model is defined and gives discrete GR with cosmological constant in the large-j asymptotics [39] [40] [41] [42] .
The semiclassical behavior of the spin foam models is currently understood in terms of the large-j asymptotics of the spin foam amplitude, i.e. if we consider a spin foam model as a state-sum
where µ(j f ) is a measure. We are investigating the asymptotic behavior of the (partial-)amplitude Z j f as all the spins j f are taken to be large uniformly. The area spectrum in LQG is given approximately by A f = γj f l 2 p , so the semiclassical limit of spin foam models is argued to be achieved by taking l 2 p → 0 while keeping the area A f comparable to the physical area, which leads to j f → ∞ uniformly as γ is a fixed Barbero-Immirzi parameter. There is another argument relating the large-j asymptotics of the spin foam amplitude to the semiclassical limit, by imposing the semiclassical boundary state to the vertex amplitude [43] . Mathematically the asymptotic problem is posed by making a uniform scaling for the spins j f → λj f , and studying the asymptotic behavior of the amplitude Z λj f (∆) as λ → ∞.
There was various investigations for the large-j asymptotics of the spin foam models. The asymptotics of the Barrett-Crane vertex amplitude (10j-symbol) was studied in [44] , which showed that the degenerate configurations in Barrett-Crane model were non-oscillatory, but dominant. The large-j asymptotics of the FK model was studied in [45] , concerning the non-degenerate Riemannian geometry, in the case of a simplicial manifold without boundary. The large-j asymptotics of the EPRL model was initially studied in [35, 36] in both Euclidean and Lorentzian cases, where the analysis was confined into a single 4-simplex amplitude (EPRL vertex amplitude). It was shown that the asymptotics of the vertex amplitude is mainly a Cosine of the Regge action in a 4-simplex if the boundary data admits a non-degenerate 4-simplex geometry, and the asymptotics is non-oscillatory if the boundary data does not admit a non-degenerate 4-simplex geometry. There were also recent works to find the Regge gravity from the Euclidean/Lorentzian spinfoam amplitude on a simplicial complex via a certain "double scaling limit" [46, 47] .
The work presented here analyzes the large-j asymptotic analysis of the Euclidean EPRL spin foam amplitude to the general situation with an 4d simplicial manifold with or without boundary, with an arbitrary number of simplices. The analysis for the Lorentzian EPRL model is presented in [48] . The asymptotic behavior of the spin foam amplitude is determined by the stationary configurations of the "spin foam action", and is given by a sum of the amplitudes evaluated at the stationary configurations. Therefore the large-j asymptotics is clarified as long as we find all the critical configurations and clarify their geometrical implications. Here for the Euclidean EPRL spin foam amplitude, a critical configuration in general is given by the data {j f , g ve , n ef } that solves the equations of motion, where j f is an SU(2) spin assigned to each triangle, g ve is a SO(4) group variable, and n ef ∈ S 2 . In this work we show that given a general critical configuration, there exists a partition of the simplicial complex ∆ which contains three types of regions: Non-degenerate region, Type-A (BF) degenerate region and Type-B (vector geometry) degenerate region. All of the three regions are simplicial sub-complexes with boundaries, and may be disconnected regions. The critical configuration implies different types of geometries in different types of regions:
• The critical configuration restricted in Nondegenerate region is non-degenerate in our definition of degeneracy. It implies a non-degenerate discrete Euclidean geometry on the simplicial subcomplex.
• The critical configuration restricted in Type-A region is degenerate of Type-A in our definition of degeneracy. But it still implies a non-degenerate discrete Euclidean geometry on the simplicial subcomplex.
• The critical configuration restricted in Type-B region is degenerate of Type-B in our definition of degeneracy. It implies a vector geometry on the simplicial sub-complex.
With the critical configuration, we further make a subdivision of the Non-degenerate and Type-A regions into sub-complexes (with boundary) according to their Euclidean oriented 4-volume V 4 (v) of the 4-simplices, such that sgn(V 4 (v)) is a constant sign on each sub-complex. Then in the each sub-complex, the spin foam amplitude at the critical configuration gives an exponential of Regge action in Euclidean signature. However we emphasize that the Regge action reproduced here contains a sign factor sgn(V 4 (v)) related to the oriented 4-volume of the 4-simplices, i.e.
S = sgn(V 4 )
Internal f (2) where A f is the area of the triangle f and Θ f , Θ B f are deficit angle and dihedral angle respectively. Recall that the Regge action without sgn(V 4 ) is a discretization of Einstein-Hilbert action of GR. Therefore the Regge action reproduced here is actually a discrete Palatini action with the on-shell connection (compatible with the tetrad).
The asymptotic formula of the spin foam amplitude is given by a sum of the amplitudes evaluated at all possible stationary configurations, which are the products of the amplitudes associated to different type of geometries.
Additionally, we also show in Section IX that given a spin foam amplitude Z j f (∆) with the spin configuration j f , any pair of the non-degenerate critical configurations associated with j f are related each other by a local parity transformation. The parity transformation is the one studied in [35, 36] in the case of a single 4-simplex. A similar result holds for any pair of the degenerate configuration of Type-A associated with j f , since it still relates to non-degenerate Euclidean geometry.
The article is organized as follow: In SectionII, we give a brief review of EPRL/FK spin foam amplitude and write the transition amplitude in a path integral form. In SectionIII, we discuss the semiclassical limit we are considering. A detail discussion of classical discrete geometry on a simplicial complex is in SectionIV. The non-degenerate critical configuration is discussed in detail in Sections V,VI,VIII, and IX. The degenerate Type-A, Type-B configurations are discussed in SectionX. In SectionXI we give the asymptotics of the spin foam amplitude as a sum over all possible critical configurations.
II. SPIN FOAM AMPLITUDE
In this section we briefly review the definition of the Euclidean EPRL spin foam amplitude. We denote ∆ as a simplicial complex and ∆ * as its dual. The building blocks in ∆ are 4-simplices σ v , tetrahedrons t e and triangles f . The corresponding dual building blocks in ∆ * are vertices v, edges e and faces f , respectively. We identify the notations of triangle and face, because there is a 1-to-1 correspondence between the triangles in ∆ and a dual face in ∆ * . The orientation of ∆ * is determined by the orientation of e and f . We call ∆ * is oriented as long as the orientations of e and f are chosen.
For defining spin foam model, we introduce more structures to ∆ * . For each internal edge e with ∂e = (vv ), we cut it into two half-edges (ve) and (ev ) at the middle point of e (we denote the middle point of e also by e). The orientation of the half-edge are always from e to v. We associate a group element g ve ∈SO(4) to each half-edge (ve), and associate a irreducible representation (4) ] to each face. At each edge e we associate an SU(2) coherent intertwiner with the resolution of identity [20] 
As proved in [49] , the above integration is essentially over the constraint surface of closure constraint f ⊂te j f n ef = 0. It means the labels of coherent intertwiner j f and n ef have geometrical interpretation in the quantum level as a tetrahedron. With the coherent intertwiner, we impose closure constraint to the spin foam amplitude and associate e with a geometrical tetrahedron t e . In our following discussion we assume all the tetrahedrons t e are non-degenerate. γj f is the area of the triangle f . In the definition of the spin foam amplitude as a state sum, we only sum over the spins with f ⊂te f j f = 0, for all f = ±1 and for all tetrahedrons t e , so that all the geometrical tetrahedrons are non-degenerate. n ef stands for the unit 3-vector normal to the triangle f of the tetrahedron t e . There is a unit 4-vector u e = (1, 0, 0, 0) orthogonal to all n ef . For each edge e connecting to the boundary and connecting to an internal vertex v, we regard it as a half edge and associate it with g ve ∈ SO(4). We associate the edge e with boundary intertwiners ||j f , n ef (or j f , n ef ||) with boundary data j f , n ef .
Based on the definitions and notations above we can write down the spin foam model. The definition of EPRL spin foam model we can find in many articles e.g. [17] [43] [50] . Usually the spin foam amplitude is written in terms of a product of vertex amplitudes A v and face amplitudes A f ,, followed by the sums/integrations over the variables (j f , g ve , n ef )
(4) In the following we are going to write the spin foam amplitude into a "path integration" form as Dµ e S , i.e. we can express the spin foam amplitude as the follows
where f e and f i mean boundary and internal faces respectively, and
S = f S f is an "spin foam action" for the path integral. It turns out that the critical point of the spin foam action determines the asymptotic behavior of the spin foam amplitude as j → ∞. In the above result we have already absorbed the SU(2) integration in coherent intertwiner into the integration of g ve . The similar formulas can be found in [45, 46, 51, 52] . Here we use notation g ev ≡ g
Using this projector we can totally decompose SO(4) group into its self-dual g + and anti-self-dual g − parts where g + , g − ∈ SU(2), ∀g ∈ SO(4), g = g − (g + ) −1 and insert the simplicity condition j ± = (1±γ)/2. The above result works for the case with the Barbero-Immirzi parameter γ < 1. The case with γ > 1 will included in the discussion starting from SectionV.
Moreover, the spin foam action S can be written in the following form
where |n is a coherent state in the fundamental representation. It is normalized n|n = 1 and can be represented by a spinor |n = ξ α = (z 0 , z 1 ), where z 0 , z 1 ∈ C.
We can identify the spinor with a unit 3-vector n, where the component of n is defined as the follows
The spin foam action S is written as a sum of the "face action" S f over all the faces. Here in this paper, we are going to compare the spin foam action at the critical point with the Regge action
where A f is the area of the triangle t dual to the face f , Θ f is the deficit angle in f .
III. SEMICLASSICAL CONSIDERATIONS
In this section we pose the asymptotic problem towards clarifying the semiclassical limit of the EPRL spin foam amplitude.
It is argued that the semiclassical limit in spin foam formulation is achieved by taking l 2 p → 0 while keeping the physical area A f = γj f l 2 p fixed, which implies that j → ∞ as the limit to obtain the semiclassical approximation. Mathematically we rescale all the internal and boundary js with a uniform scaling parameter λ. Then the large-j limit is taken by sending λ → ∞. Here we emphasis that the semiclassical limit is different from the continuum limit, as discussed by Rovelli in [53] . The continuum limit of the theory (even within its semiclassical regime) is out of the scope of the present paper. With the large-j limit taken here, we will obtain in some sense the classical GR truncated on the simplicial complex. But to achieve a continuum formulation is out of the scope of this paper.
As discussed in [35, 36, 45] , the asymptotic behavior of spin foam amplitude is determined by the critical points of the spin foam action S, i.e. the stationary phase points of S satisfying Re(S) = 0. The amplitude at the configurations which do not satisfy these two conditions are all exponentially suppressed in the large-j limit.
Here we write a spin foam amplitude as
we are studying the asymptotic behavior of the (partial-)amplitude Z λj f (∆) as λ → ∞. We do not study the stationary phase with respect to spin js, and expect the sum over spin js should become the sum over all the classical areas once the large-j limit is taken. We will clarify the geometric meaning of the face spins in the large-j regime, i.e. γj f is interpreted as the area A f of the triangle f . Thus in our calculation, the equation of motion we are considering is given by
Under the large-j limit we would like to compare the large-j regime of the spin foam amplitude with path integral formulation of area Regge calculus
Note that there is the gluing of between 4-simplices imposed in the spin foam amplitude since there is only a single set of variables (j f , n ef ) for each tetrahedron t e . We will come back to this point later.
IV. DISCRETE GEOMETRY ON SIMPLICIAL COMPLEX
In this section we discuss the discrete geometry over a non-degenerate simplicial complex ∆. The aim of this section is to give a collection of definitions and variables to describe the discrete Euclidean geometry on ∆. These geometrical variables will be reconstructed from the critical configurations of spin foam amplitude in next sections. In the following we denote the 4d Euclidean vector space by E. In this subsection, we discuss the orientation structure of simplicial complex ∆. The simplicial complex ∆ is a triangulation of the space-time manifold M . Here we would like to review the definition of the orientation of ∆, which is necessary to define e.g. oriented 4-volume for each 4-simplex. For convenience, we call the edge of triangle in ∆ "Segment", denoted l, and the vertex of triangle called "Point", denoted p. 
Because in a 4-simplex σ v , there are five points p and five tetrahedrons t e . We can make a duality between p and e if p ∩ t e = ∅, as shown in Fig.1 From this we can see that the orientations of triangles f ∈ t e1 and segments l ∈ f are opposite respecting to σ v and σ v as eiej e k (v) = − e i e j e k (v ), ∀i, j, k = 1 (19) 
We call a given simplicial complex ∆ (or ∆ * ) is global oriented if any two neighboring 4-simplexes (or vertices)in ∆ are orientation consistent. In the following discussion in this section, we assume the simplicial complex ∆ is global oriented.
Space-time orientation
We assume the simplicial complex ∆ is a discretization of a manifold M with a global orientation. Therefore we can define an oriented orthonormal frame bundle e I µ , where all the orthonormal frames are right-handed with respect to the global orientation, or sgn det(e) is a constant sign on the manifold M . The oriented orthonormal frame bundle has the structure of a principle fiber bundle with the structure group SO(4) in Euclidean signature (or SO (1, 3) in Lorentzian signature). Now we give a discrete analogue of a global space-time orientation on a simplicial manifold. Given a simplicial complex ∆, we assign a reference frame {e(v)} in each 4-simplex σ v . We assume for any two frames {e(v)} and {e(v )} at two different 4-simplices,
Then the two reference frame between two neighboring simplexes are related by an SO(4) transformation. Then the frames located in different 4-simplices constitute a discrete analogue of oriented orthonormal frame bundle on the simplicial manifold. The SO(4) transformation relating the two frames in different 4-simplices are the discrete spin connection. Moreover, in next subsections, we will show that, if there exists a discrete analogue of the oriented orthonormal frame bundle on ∆, i.e. there are frames assigned in the 4-simplices satisfying sgn det e(v) = sgn det e(v ) and being related with each other by SO(4) transformations, then for the oriented volume of 4-simplex, the sign sgn(V 4 (v)) is a constant, with a consistent orientation on the simplicial complex ∆.i.e.
See the next subsection for the definition of V 4 (v).
B. Discrete Geometry in a 4-simplex
Given a simplicial complex ∆, we can define a collection of geometric variables to describe the discrete geometry on a simplicial manifold. Inverse: When the orientation of l is inversed,
Close: ∀f ∈ ∆, if its boundary l 1 , l 2 , l 3 orientations are consistent, then
As in [45] [54], the segment vectors E I l (v) are natural (co-)frames for discrete geometry. The discrete version of the metric is defined by
where l 1 and l 2 are in the same triangle. It is independent of the choice of v because of the gluing property Eq. (25) . For the case we are considering, we also need to define the non-degeneracy of 
In the following we use both conventions, according to the convenience of the context. We choose a consistent orientation of all the 4-simplices of ∆. Then for each 4-simplex σ v ∈ ∆, we can define the oriented 4-volume
which is independent of the index i by Eq. (24). Here ijklm and IJKL are Levi-Civita symbol, with ijklm = ijklm and IJKL = IJKL . We define five 4-vectors
We call them frame vectors. Using the above definition and Eq.(23), Eq.(24), we get
When we sum over the five U e (v) in Eq. (30), we obtain
which implies the closure of U e (v) for each 4-simplex σ v
Eq. (30) and Eq. (32) show that in v, the 5 vectors are all out-pointing to the tetrahedrons from σ v up to a total reflection U e I → −U e I . Also from Eq. (30) we obtain the following identities
Here the last equation give us a way to construct area bivectors explicitly. In a 4-simplex σ v , a triangle can be identified by the two tetrahedrons that share it, or by the three points of the triangle. We define two area bivectors of the triangle shared by t e1 and t e2 , which are denoted by A e1e2 and A e3e4e5 . We define them in the following way
The bivector A e1e2 (v) depends on the orientation of the 4-simplex, while the bivector A e3e4e5 (v) is defined with an orientation of the triangle
which may or may not be the orientation induced from σ v . We call A eiej (v) oriented bivectors and A eiej e k (v) non-oriented bivectors. Their relation is A eiej e k (v) = eiej e k e l em (v)A e l em (v) (no sum in e l , e m ).
C. Gluing Condition of Many 4-simplexes
Given a tetrahedron t e1 ∈ ∆ which is shared by σ v , σ v , as in Fig.2 , we consider the relation between E I l (v) and E I l (v ) for l ∈ t e1 . We define two unit normal vectorsÛ
Thus for l 1 , l 2 , l 3 ∈ t e1 but not in the same face, the vectors E l1 , E l2 , E l3 ,Û e1 define two reference frames in both σ v and σ v . To satisfy Eq. (21) we should have
where
span a three-dimensional subspace at v and v , respectively. Because of Eq. (25), Eq. (38) and Eq. (39), there exists a unique SO(4) [45, 48] matrix Ω v v such that
The minus in the first equation is because of the orientations of any segments l ∈ t e1 are opposite respecting to two neighboring 4-simplexes σ v and
The second equation is because
The first equality is because det Ω v v = 1. The second equality impliesÛ e1 (v) = −Ω vv Û e1 (v ). We call Ω vv the spin connection if it satisfies Eqs. (39), (40) .
For an explanation of Eq. (40), we see a 2-D example showing in Fig.3 where two triangles share a segment
Because of the orientation consistency, the orientation of segment l should be opposite respect to t and t . As in Fig.3 ,
. We can also see from Fig.3 , the outgoing normals U (t) and U (t ) should satisfŷ U (t) = −Ω tt Û (t ) such that the basis {U (t), E l (t)} and {U (t ), E l (t )} are in the same orientation. Next we will prove the following proposition to show that Eq. (22) 
Proof:
Without losing generality, we assume e1e2e3e4e5 (v) = 1. For convenience, we introduce the shorthand notations:
The 4-volumes of σ v and σ v are given by Eq.(28)
where the minus sign for V 4 (v) is because of the orientation of σ v is [e 1 , · · · , e 5 ] while the orientation of σ v is −[e 1 , · · · , e 5 ]. By using Eq.(30), we have
Multiply withÛ 1 I IJKL and use
Using this result to both σ v and σ v , we can easily get
By Eq. (40) and det Ω vv = 1, we obtain
The orientation consistency means if we want to glue two 4-simplexes together, the orientation bivectors in t e1 should be opposite A e1ei (v) = −Ω vv A e1e i (v ) but the non-oriented bivectors stay the same A eiej e k (v) = Ω vv A e i e j e k (v ). This can be seen from Eq. (36) and Eq. (40).
D. Discrete Geometry of Boundary
Now we consider the discrete geometry of the boundary of a given simplicial complex ∆. We denote the boundary of ∆ as ∂∆. On ∂∆, each boundary triangle is exactly shared by two boundary tetrahedrons, as shown in Fig.4 . At each boundary node e (the center of a boundary tetrahedron t e ) we can also construct the segment vectors as before. For each segment l of a boundary tetrahedron t e , we associate it with an oriented vector E l (e) at e. The segment vectors E l (e) should satisfy the following properties:
Inverse: When the orientation of l is inverted,
Close: ∀f ∈ ∂∆, if its boundary l 1 , l 2 , l 3 orientations are consistent, then
Gluing: If edge e touch vertex v, ∀f ∈ ∂t e , l, l ∈ ∂f
Gauge: ∀l ∈ t e , the segment vector E l (e) is orthogonal to the unit vector u = (1, 0, 0, 0)
As before we can also define the induced boundary metric by the boundary segment vectors
For each boundary tetrahedron t e , it lies in the 3-dimensional subspace which is orthogonal u. An oriented tetrahedron t e can be represented by its ordered four points [p 1 , p 2 , p 3 , p 4 ]. The orientation of t e should be identified with the induced orientation from the 4-simplex
We assume all the tetrahedrons are non-degenerate. Then we can define the oriented 3-volume of t e
where JKL ≡ IJKL u I , and ijkl (e 1 v) = i1jkl (v). Then we can define the 3-vector n pj (e) which is normal to the face f ∈ t e and f ∩ p j = ∅ (49) which implies
It is not hard to show the following relations:
For the boundary edge e connecting a vertex v, and for any triple of segments l 1 , l 2 , l 3 ∈ t e , we have the segment vectors at vertex v: E li (v) and at e: E li (e), where i = 1, 2, 3. If we consider the unit vectorÛ e (v) defined before, which is orthogonal to E li (v) such that
=sgn det (E l1 (e), E l2 (e), E l3 (e), εu) (54) where ε = ±1. Then there exists a unique SO(4) [48] matrix Ω ve such that
Then we find the 3-volume defined in Eq. (48) is consistent with the one induced from σ v up to a sign, i.e. εV 3 (v) = V 3 (e), while the 3-volume of tetrahedron t ep induced from σ v is defined by
We can also find an explicit expression between V 4 (v) and V 3 (v) of t e .
Because of this U e I (v) can also be written as
Because of det Ω ev = 1 and εsgnV 3 (v) = sgnV 3 (e), we have sgn(Û The above construction for a boundary tetrahedron can be also extended to any internal tetrahedron t e . As before, we can construct the segment vectors E l (e 1 ) for any segment l ∈ t e1 . However this time for each edge we have two segment vectors E l (e 1 ) and E l (e 1 ) associated with σ v and σ v respectively. Because of orientation consistency, E l (e 1 ) = −E l (e 1 ) where the minus sign comes from the opposite orientations of l induced from different 4-simplices. Moreover because of Eq.(55), we also obtain
This relation implies that given two neighboring 4-simplexes share a tetrahedron t e , ifÛ e (e) is futurepointing, thenÛ e (e) is past-pointing., or vice versa. From the relation between E l (e 1 ) and E l (e 1 ),Û e1 (e 1 ) and U e1 (e 1 ), using Eq.(56) and det Ω ev = 1, we have
f l = t e0 ∩ t e1 are opposite respecting to t e0 and t e1 , i.e.
pp1p2p3 (e 0 ) = − p p1p2p3 (e 1 ), the orientations of the two tetrahedrons are consistent. For defining the dihedral angle of face f , we assign a reference frame at the boundary face f . In f frame, we construct the segment vectors E l (f ) for all l ∈ f . Because of the orientation consistency, for each segment l ∈ f , we can define two segment vectors E l (f ) and E l (f ) respected to two boundary tetrahedrons sharing face f . They are opposite since the opposite induced orientations on l from two different tetrahedrons, i.e.
Except for satisfying inverse, close, gluing, gauge properties as E l (e), E l (f ) also satisfies the face gauge, which means there exist a vector z = (0, 0, 0, 1) such that
If we consider a normal vector n ef orthogonal to triangle f and u such that
there must be a unique SO(3) matrix ω ef such that
Then for the loop holonomy Ω f (f ) = ω f e0 Ω e0e1 ω e1f we always have
Then we know that the non-oriented bivector (the triangle f = (p 3 , p 4 , p 4 ))
is invariant under the operation of loop spin connection
E. Regge action from connection formalism
The construction in the previous subsection is essentially a connection formalism for discrete classical geometry both in the bulk and on the boundary. Here we show how to relate the Regge action from this formalism.
in order to writing down the Regge action, we should define the deficit angle Θ f for internal faces and dihedral angle Θ B f for boundary faces. Let us first consider the internal faces f . The first step is to write down the explicit expression for the loop spin connections Ω f along the boundary of an internal faces f . For an internal face f , the loop spin connection keeps the three segment vectors E pipj (v) unchanged by Eq.(36) and Eq. (40), where p i , p j are the vertices of the triangle f ,
The loop spin connection keeps the vectors lying on the plane determined by E pipj (v). It implies that the loop spin connection Ω f (v) ∈ SO(4) is either a pure boost with a parameter θ f or a pure boost connecting −1 ∈ SO(4) combined with a π-rotation on the plane determined by E pipj (v), explicitly,
is the non-oriented bivector associated to f , and n f = 0, 1. Then we parallel transport Ω f (v) it to a neighboring tetrahedron t e by using Ω ve , i.e. Ω f (e) = Ω ev Ω f (v)Ω ve . We find the parameter θ f is related to the deficit angle. An explicit way to see it is the following: The curvature in the discrete setting is given by the pure boost part of the above spin connection, i.e. the above Ω f (v) with n f = 0. Thus to find the relation between the parameter θ f with the deficit angle, in the following we only consider Ω f (v) with n f = 0 which is the pure boost part of the spin connection [48] .
Let Ω f (e) ≡ Ω ee act on the vector u by using Eqs. (92) and (100), we have
where n f is the unit vector orthogonal to triangle f . It is consistent with the orientation of non-oriented area bivector A f . Then we can get
which implies θ f = ±Θ f . It is not the case that θ f = Θ f always holds. Suppose we assume the parameter θ f would be a Regge deficit angle being a function of segment lengths only, we make a global parity transformation E l (v) → PE l (v), and correspondingly for the spin connection Ω f → PΩ f P. Then
implies θ f → −θ f under the parity transformation, where the above second equality is because P = − P. However, the parity transformation does not change the segment lengths. Therefore we see that θ f does not only depend on the segment lengths. In order to give the relation between θ f and deficit angle Θ f , let us see the discrete version of Einstein-Hilbert action
where A f is the face area of triangle f and sgn(V 4 ) is the sign of the four volume of the simplexes. Recall that
Θ f is the deficit angle of interior face f , which measures the curvature located at the triangle f . Now let us consider the case of a boundary face f . The relation E pipj (f ) = Ω f (f ) E pipj (f ) (p j , p j are the vertices of the triangle f ) implies that Ω f (f ) can be written in terms of the non-oriented area bivector
with n f = 0, 1. Only the pure boost part of the Ω f (f ) contributes the extrinsic curvature on the boundary, so we only consider the case with n f = 0 [48] . Then the spin connection becomes
Acting Ω e0e1 on the vector u = (1, 0, 0, 0), we obtain the dihedral angle Θ
By a similar discussion as we just did for the deficit angle, θ A detail discussion about this relation can be found in [48] (see also [35] [36]). Here the spin connection is then given by the following dihedral rotation on the plane orthogonal to the triangle f
Now we give a brief summary of the the section. In this section we worked on a global oriented simplicial complex ∆ and defined discrete geometric variables segment vectors E l (v), E l (e) and E l (f ) at each vertex v, boundary edge e and boundary face f , respectively. They are the natural (co)-frames for the discrete geometry. They all satisfy the properties of inverse (Eqs. (23), (43)), close (Eqs. (24) and (44)) and gluing (Eqs. (25) and (45)). There is a discrete metric g ll defined by E l and E l which is the segment length when l = l . We assume the oriented 4-volume V 4 (v) has a constant sign sgnV 4 (v) on the entire complex. From E l (v) we can define five outpointing vectors U (v) for each σ v which satisfy Eqs. 
In the following sections we discuss the asymptotic behavior of Euclidean EPRL spin foam amplitude. We will use the critical configurations {j f , n ef , g ve } to construct (semi-)geometrical variables and to compare them with the ones introduced in this section.
V. EQUATIONS OF MOTION
As we discussed in Section III, the asymptotic behavior of Euclidean spin foam amplitude is critical configurations that solve Eqs. (11), (12) , and (13). The presentation in the following is for the case with Barbero-Immirzi parameter γ < 1. However it turns out that the case with γ > 1 results in the same equations of motion thus the same geometric interpretation.
Firstly, we consider Eq. (11) . Using the definition Eq. (7), we get
where R (g) is the vector representation of g ∈ SU(2). The above equation results in
which is called gluing condition between tetrahedrons. Secondly, we consider Eq.(12). Here we parameterize the group element g ± by Euler angles θ i , i = 1, 2, 3 around the stationary pointḡ ± , i.e. g ± = exp(θ ± i J i )ḡ ± . Evaluate the derivatives over θ i on the constraint surface of Eq.(80), we get the following closure condition
where ε ef (v) = 1 when the orientations of f and e are agree, otherwise ε ef (v) = −1. As we defined in Section II, the orientation of the half-edges are always from e to v. It implies
Finally we consider Eq.(13). Here we introduce the derivative of the coherent state |n . Since |n , |Jn is a basis of the spinor space C 2 and the spinor |n is normalized, we have
where the parameters ε ∈ C and ηR, J is an anti-linear map defined in [36] [55]
From this definition we can find |Jn is orthogonal to |n because n|Jn = 0. Recall Eq.(8)
where the third equality is because n e"f g Thus we summarize the equations of motion at the end of the subsection. Gluing condition:
Closure condition:
with the orientation condition:
The critical configurations (j f , g ve , n ef ) are the solutions of the above equations.
VI. SEMI-GEOMETRICAL VARIABLES
In this section, we construct bivector variables at each vertex v in terms of spin foam variables (j f , g ve , n ef ). We call the bivectors constructed in this section the Semigeometrical Variables.
We identify any bivectors X IJ ∈ E with SO(4) Lie algebra element J IJ ∈ so 4 by using
As we know, so 4 Lie algebra can be decomposed into two copies su 2 Lie algebra, i.e. self-dual and anti-self-dual parts. Give any J IJ ∈ so 4 and define
The explicit relation between SO(4) (or Spin(4)) group element and SU(2)⊗SU (2) is
Based on this decomposition, we define the self-dual and anti-self-dual bivectors in each tetrahedron t e associated to the faces f of the tetrahedron. The canonical quantization of LQG suggests that the area spectral is given by γjl 2 p when j is much larger than 1. So here we define the self-dual bivector X + ef (e) and anti-self-dual bivector X − ef (e) for the face f in tetrahedron t e as
Using the above definition we can define the unit bivectors asX
Then by using Eq.(92) and Eq.(93) we can write the SO(4) bivector
Based on Eq.(94), we can parallel transport X ef to the nearest vertex v and define a bivector at v by
In t e frame there is a unit vector u = (1, 0, 0, 0) such that
Any vector x I ∈ E can be identified with a 2 × 2 matrix x = x I σ I E , where σ E = (1, iσ i ). The parallel transformation for this vector is IJ N e (v) I (X ef (v)) JK = 0 which is the simplicity constraint for each faces at each vertex.
Now we rewrite equations of motion Eq.(88) and Eq.(89) by using SO(4) bivectors X ef (v) and summarize them in the follows:
Gluing condition:
We can also get two more equations from the definitions. In terms of Eq.(98) we obtain
We also have the simplicity constraint
VII. DISCRETE GEOMETRY FROM CRITICAL CONFIGURATIONS
In this section we use the semi-geometrical variables X ef (v) and N e (v) to reconstruct the discrete geometrical variables E eiej (v) and U e (v). Here in this section we only discuss the case that all the 4-simplices are non-degenerate (The degenerate case is discussed in SectionX). In our definition and the definition in [45] , the non-degeneracy is defined in terms of N e (v) by
The reconstruction of the non-degenerate geometry in the case of a simplicial manifold without boundary was first introduced in [45] . N e (v) is determined by the group element g ve for a set of given configuration {j f , g ve , n ef }. For Euclidean theory, as discussed in [35] During the following construction, we keep in mind that we are working on an consistently oriented complex ∆, where the orientations of the 4-simplices is defined in Section IV.
A. Reconstruction of 4-simplex
The following analysis is based on a given nondegenerate critical configuration {j f , n ef , g ve }. In the frame of v, we consider two bivectors X ef (v) and X e f (v). Because of the simplicity constraint Eq.(104), there are 4-D vectors V ef and V e f in E such that 
In one 4-simplex σ v we can denote X f (v) by two edges. If a triangle f is shared by two tetrahedron t e and t e , we can denote the bivector X f as X ee = X e e . We denote the edges that are attaching at v by e i , i = 1, 2, 3, 4, 5.
The vertex is oriented as [e 1 , e 2 , · · · , e 5 ]. Then Eq.(106) can be written as
Using Closure constraint Eq.(102), the above equation turns into
where ε eiej (v) are the coefficients in orientation condition Eq.(90) such that ε eiej (v) = −ε ej ei (v) ≡ ε eif (v) = −ε ej f (v), and β ij (v) ≡ ε eiej (v)α ij (v). Together with the non-degenerate assumption Eq.(105), it implies that there are non-vanishing diagonal elements β ii (v) such that
Otherwise any two of N ei (v) would be parallel to each other. Now we consider
Because of Eq.(105), any four N ei (v) are linearly independent. The above equation turns into
We can pick one j 0 for one σ v and ask l = j = j 0 . Then we can get
Now we can reconstruct the discrete geometrical variable U e (v) (up to a overall sign in each σ v ) defined in Section IV by
where V 4 (v) is defined by
from which we obtain
By using Eq.(34), we can define segment vectors E eiej (v) satisfying the inverse and close properties, such that Eq.(113) turns into
where ε(v) ≡ε(v)sgn(V 4 (v)). In the last equality, we use Eq. (35) . This is the explicit relation between semigeometrical bivector X(v) and discrete geometrical bivectors A(v) defined by Eq.(36). The above result shows that give a set of nondegenerate critical configurations {j f , n ef , g ve } at a vertex v, we can reconstruct a bivector geometry in each 4-simplex σ v [35] [36] .
B. Gluing the interior 4-simplexes
In order to construct a discrete geometry on the entire complex, we discuss the gluing of the geometries of two neighboring vertices v and v that are linked by edge e 1 . We still use Fig.2 in our discussion.
For convenience, we introduce shorthand notations:
Because
Together with Eq.(114), we have 
where i = 1 and we use the shorthand notations ε ≡ ε(v), ε ≡ ε(v ). Reminding the orientation consistency that is discussed in SectionIV, in this notation we should have e1e2e3e4e5 (v) = − e1e 2 e 3 e 4 e 5 (v ). Then
whereε = −ε = ±1. Eq.(118) and Eq.(119) imply that U 1 is proportional to U 1 and U i are the linear combination of U 1 and U i . Explicitly,
where a i are the coefficients such that
This implies ε(v) = ε(v ). It means the sign factor ε(v) defined in Eq.(117) does not depend on v.
Proposition VII.1. For any semi-geometrical area bivector X f (v) defined in Section VI from spin foam model, we can always reconstruct a non-oriented bivector A f (v) of discrete geometry up to a global sign ε for the whole simplicial complex ∆.
Proof:
We prove the proposition in three steps. We can easily seen from Eq.(117), a semi-geometrical area bivector X f (v) corresponds to a non-oriented bivector A f (v) ≡ A emene k (v) with a sign factor (recall that A emene k (v) is defined with the orientation f = [e m , e n , e k ])
is a sign factor with a given triangle f = [p m , p n , p k ] = [e m , e n , e k ]. Because ε(v) = ε is a global sign, then we focus on proving that ε eiej (v) emene k eiej (v) is a global sign.
First we prove that it is a constant for each triangle f . For this purpose, we only need to prove the sign is a constant both between two tetrahedrons in one 4-simplex and between two neighboring 4-simplexes, sharing the triangle f . We consider the situation showing in Fig.2 . Because X eie1 (v) = X e1ei (v), we can get between two tetrahedrons t ei and t e1 in σ v , the sign factor keeps invariant
e n e k (v ), we can get between two neighboring 4-simplexes σ v and σ v , the sign factor keeps invariant
Combining Eq.(125) and Eq.(126), we get for each faces f , the sign factor ε eiej (v) emene k eiej (v) is a constant ε f , once we fix an orientation [e m , e n , e k ] of f . Secondly we prove that the sign factor is a constant in a 4-simplex between different triangles. For this purpose, we only need to prove that for any two triangles in a tetrahedron of a 4-simplex, the sign factor is a constant. We consider the situation showing in Fig.1 . Without losing generality, we pick out t e1 ∈ σ v and the bivectors X e1e2 (v) , X e1e3 (v). For X e1e2 (v) we have
If the face orientations of f e1e2 and f e1e3 agree along e 1 , ε e1e2 (v) = ε e1e3 (v), We can pick A e3e4e5 (v) and A e5e4e2 (v) (instead of A e2e4e5 (v)) as the reconstructed non-oriented area bivectors. Then we have
If the face orientations of f e1e2 and f e1e3 are opposite at t e1 , ε e1e2 (v) = −ε e1e3 (v). We can pick A e3e4e5 (v) and A e2e4e5 (v) as the reconstructed non-oriented area bivectors. Then we have
The choice of non-oriented area bivectors can always be achieved based on the orientation of ∆ * . Then in one 4-simplex, the sign factor ε eiej (v) emene k eiej (v) is also a constant ε v = ε f . Then we obtain the following conclusion: for any semi-geometrical bivector X f (v) constructed from spin foam critical configuration, we can reconstruct a non-oriented bivector of discrete geometry A f (v), with a choice of the orientation for each f , up to a global sign ε on the entire simplicial complex
where ε ≡ ε(v)ε f . From Eq.(123) we obtain |U 1 |V = ±|U 1 |V . We define a new type of sign factor
Recall Eq. (34), we obtain
which implies that the spin foam variables g vv and SO (4) holonomy Ω vv are just different by a sign
By the definition of the spin connection in SectionIV, Ω vv is a spin connection as long as sgnV 4 (v) = sgnV 4 (v ).
C. Reconstruction of boundary
First of all, we can reconstruct the tetrahedron t e with an edge e connecting to the boundary. Giving a set of non-degenerate boundary data {j f , n ef } where f s are boundary triangles, we have closure condition for boundary tetrahedron
where the v is the vertex e connecting, and n ef = (0, n ef ) is lying on the plane orthogonal to u = (1, 0, 0, 0). Then we can reconstruct the discrete geometrical variable n p (e) defined in Section IV as
where the oriented 3-volume V 3 (v) is defined as
In this definition n pi (e) satisfies Eq.(52). Together with Eq. (53), we can reconstruct the segment vectors E pipj (e) defined before. Then we can reconstruct the area bivectors Eq.(96) X ef = γj f (u ∧ n ef ) as
=ε(e) 1 4
=ε(e) ej e k e l ei (ev)A ej e k e l (e) (138) whereε(e) = sgnV 3 (e), and here all the boundary segment vectors E pipj (e) are understood as 4-vectors in E such that E pipj (e) = (0, E k pipj ), k = 1, 2, 3. Now we identify the boundary tetrahedron t e with the tetrahedron in 4-simplex σ v dual to edge e. For convenience, we introduce shorthand notations: E ij ≡ E pipj (e), E ij ≡ g ev E pipj (v),ε ≡ε(e), n j ≡ n pj (e). Because the parallel transportation X ef = g ev X ef (v), we havē 139) where p is the point belong to σ v but not in t e . It means
where V 3 is defined in the same way as V 3 but using E ij instead. Because of
which implies
Bring this equation back to Eq.(139), we get
which impliesε (e) = ε(v) and
ε(e) = sgnV 3 (e) is determined by the boundary data.
If we choose the orientations of the triangles such that ε eiej (v) emene k eiej (v) = 1 identically, the global sign ε relating X f (v) and A f (v) is determined by the boundary data ε = sgnV 3 (e), once we choose sgnV 3 (e) to be a constant on the boundary. Moreover from Eq. (142), we find the spin connection equals the on-shell g ve up to a sign µ e
where µ e = sgn(V 3 )sgn(V 3 ) = ±1. We denote by V 
Then we can prove the following lemma, Lemma VII.2. Given face f either an internal face or a boundary face, the product e∈f µ e is invariant when U e (v) flips sign for any 4-simplex σ v , recalling that the five normals U e (v) have an overall sign ambiguity when reconstructing a 4-simplex σ v . Therefore e∈f µ e is determined by the spin foam critical configurations.
Proof: For an internal edge e = (vv ), we have
where we recallÛ e (v) =εg vv Û e (v ). Because for each face in a 4-simplex there are always two edge bound it. When we flip the sign of fiveÛ e (v)s in σ v , the product e∈f µ e is not changed for both internal and boundary faces.
Furthermore as showing in Fig.4 , because of Eq.(145), we can parallel transform three segment vectors E l (e 0 ) to E l (e 1 ) by using G e1e0 ≡ g e1v1 · · · g v0e0 e µ e E pp (e 1 ) = G e1e0 E pp (e 0 ), ∀pp ∈ f l (148) Therefore the triangle f l formed by E pp (e 0 ) matches in shape with the triangle formed by E pp (e 1 ). Since both E pp (e 0 ) and E pp (e 1 ) are orthogonal to the time gauge vector u = (1, 0, 0, 0) , there is a O(3) matrix g l such that
These relation gives the restrictions of the boundary data for the spin foam amplitude. We call the boundary condition the non-degenerate Regge boundary condition.
D. Reconstruction theorem
In this subsection, we summarize all the discussion in this section as a reconstruction theorem (see also [45] for the case of a simplicial manifold without boundary) Theorem VII.3 (Reconstruction Theorem). Given a set of data {j f , n ef , g ve } be a non-degenerate critical configuration which solves Eqs. (101), (102), (103), and (104) on a simplicial manifold with boundary, there exists a discrete classical Euclidean geometry represented by a set of segment vectors E l (v) satisfying Eqs. (23), (24) and (25) in the bulk, and E l (e) satisfying Eqs. (43), (44) , (45) and (46) on the boundary, such that 1. the semi-geometrical area bivectors X f (v) and X ef from spin foam stationary points can reconstruct a non-oriented area bivectors of a classical discrete bivectors A f (v) and A ef up to a global sign ε
where l, l are the segments of triangle f . Moveover the segment vectors are totally determined up to an inverse sign E l → −E l . With the segment vectors E l (v) and E l (e) we can reconstruct the discrete metric g ll from them
The metric is independent of v and e is because the gluing conditions Eqs. (25) and (45) . The norm of the bivector X f (v) is γj f which is understood as the area of the triangle f .
2. sgnV 3 (e) has to be chosen as a constant ∀t e ∈ ∂∆, then the global sign factor ε is fixed to be ε = sgnV 3 (e) when we choose the orientations of the triangles such that ε eiej (v) emene k eiej (v) = 1 identically.
3. ∀e = (vv ) ∈ ∆ * , l ∈ t e ∈ ∆, the segment vectors in E l (v) and E l (v ) are related by parallel transformation g vv ∈SO(4) associated with edge e up to a sign µ e
∀t e ∈ ∂∆, t e ∈ σ v , the segment vectors E e1e2 (e) and E e1e2 (v) are also related by parallel transformation g ve ∈SO(4) associated with half edge (ev) up to a sign µ e
Thus the critical point of g vv and g ve can be related with SO (4) matrices Ω vv and Ω ve up to the same sign as the one relate E e1e2 s
The simplicial complex ∆ can be subdivided into sub-complexes ∆ 1 , · · · , ∆ n such that (1) each ∆ i is a simplicial complex with boundary, (2) within each sub-complex ∆ i , sgnV 4 is a constant. Then within each sub-complex ∆ i , the SO (4) matrices Ω vv and Ω ve are the discrete spin connection compatible with the segment vectors E e1e2 s.
4.
Given the boundary triangles f and boundary tetrahedrons t e , in order to have non-degenerate solutions to the equations of motion. The spin foam boundary data {j f , n ef } must satisfy the nondegenerate Regge boundary conditions: (1) For each boundary tetrahedron t e and its triangles f , {j f , n ef } determines 4 triangle normals n ef that spans a 3-dimensional subspace. (2) The boundary data are restricted to be shape matched Eq.(149). (3) The boundary triangulation is consistently oriented such that sgnV 3 is a constant on the boundary. If the Regge boundary condition is satisfied, there are non-degenerate solutions of the equations of motion.
VIII. SPIN FOAM AMPLITUDE AT NON-DEGENERATE CRITICAL CONFIGURATIONS
The asympotics of the spin foam amplitude is a sum the amplitude evaluated at the critical configurations. In this section, we evaluate the spin foam amplitude at the non-degenerate critical configurations. We show that the spin foam action at a non-degenerate critical configuration is almost a Regge action. As we mentioned in the last section, we subdivide the complex ∆ into sub-complexes ∆ 1 , · · · , ∆ n such that (1) each ∆ i is a simplicial complex with boundary, (2) within each sub-complex ∆ i , sgnV 4 is a constant. To study the spin foam (partial-)amplitude Z j f (∆) at a non-degenerate critical configuration {j f , n ef , g ve }, we only need to study the amplitude Z j f (∆ i ) on the sub-complex ∆ i . The amplitude Z j f (∆) can be expressed as
Therefore the following analysis is in one of ∆ i .
A. Internal faces
We first consider an internal faces f i . For an internal face, the action defined in Eq. (7) can be rewritten in the following way: By Eq.(88), the parallel transportation acting on the coherent state |n ef gives
Thus the loop holonomy along the boundary of an oriented face f gives
vf . This implies the loop holonomy can be written as 
By using the following identity exp iΦ
we can rewrite the action in the following form
Then let us use the parallel transformation of G ± f (e) and X ± ef to take them to the nearest vertex v.
Because the trace does not change under the parallel transformation, then the action becomes
We would like to find the relation between Eq.(166) and Regge action. Recalling Eq.(117) and Eq.(134) we have the parallel transportation of X f (v) and E pp (v) under the loop holonomy G f (v)
where exp(iπ e∈f n e ) ≡ e∈f µ e , pp ∈ f . These equations imply that the loop holonomy G f (v) gives a rotation in the plane orthogonal to the 2-plane determined by X f (v), i.e. in the plane of X f (v). Then we can explicit write the loop holonomy as
The transformation Eq.(168) can be shown in the following way. Give a bivec- 
is a π-rotation. Because the relation between the spin foam variable g vv and spin connection Ω vv Eq.(134), we can get the loop spin connection Ω f (v)
(171) From the discussion in Section IV, we have the geometrical interpretation of the parameter θ f
where Θ f is the deficit angle in Regge calculus. Based on the relation between SO(4) and its self-dual and anti-self-dual decomposition Eq.(92) and Eq.(100), the self-dual and anti-self-dual loop holonomy
We take Φ ± f defined above into Eq.(161), then we can get the asymptotic action for interior faces
where γj fi is the area of triangle f i and the first term sgnV 4 fi γj fi Θ fi is the Regge action for discrete GR when sgnV 4 is a constant.
B. Boundary faces
Now we consider the action for boundary face f . Giving a boundary face f as shown in Fig.4 , together with the gluing condition Eq.(88), we obtain
This implies that the holonomy G
can be written as
where the SU(2) group element g(n) is given by
representation. In spin-1 representation, it rotates z = (0, 0, 1) to the 3-vector n. We can also consider g(n) as a rotation from the reference frame at f to the reference frame in the tetrahedron t e .
The action of f l can be written as
(178) which can be rewritten using Eq.(162) as
To find the relation between Eq.(179) and the Regge action. We redefine the segment vectors E l (e i ) as
Since E pp (e i ) is orthogonal to n ei , we can getẼ pp (e i ) is orthogonal to z. For p, p vertices of the triangle f , E pp (e 0 ) andẼ pp (e 1 ) must be related by a rotation in the plane of f . Here we gauge fix this rotation to be identity, i.e.Ẽ pp (e 1 ) =Ẽ pp (e 0 ) ≡ E pp (f ). Then recall the parallel transportation of the bivector X e1f = G e1e0 X e0f , and Eq.(134), Eq.(145) we have the following relations (p, p are vertices of the triangle f )
). The above equation implies that the parallel transportation g −1 (n e1f )G e1e0 g(n e0f ) has the following form (see SectionIV) We briefly summarize the results we get so far. For a given non-degenerate critical configuration {j f , n ef , g ve }, we can reconstruct the discrete geometric variables E l and U e .
• ∀v ∈ ∆ * , we can reconstruct a bivector geometry of 4-simplex. Given any semi-geometrical bivector X f (v) from the critical configuration, there is a non-oriented bivector
where ε is a global sign on the entire simplicial complex ∆.
• ∀e ∈ ∆ * , we can associate a spin connection Ω e (when sgnV 4 (v) = sgnV 4 (v )) by the on-shell g vv up to a sign µ e
where v and v are the end points of e.
• ∀e ∈ ∂∆ * , we can construct the segment vectors E l (e) such that giving any semi-geometrical bivector X f (e) from the critical configuration, we can find a non-oriented bivector A f (e) = (E l (e) ∧ E l (e))/2 in discrete geometry on the boundary that
A non-degenerate critical configuration (j f , g ve , n ef ) specifies uniquely a set of variables (g l1l2 , n e , ε), which include a discrete metric and two types of sign factors.
Given a critical configuration (j f , g ve , n ef ) in general, we can divide the triangulation ∆ into sub-triangulations ∆ 1 , · · · , ∆ n , where each of the sub-triangulations is a triangulation with boundary, with a constant sgn(V 4 (v)). On each of the sub-triangulation ∆ i , we add the on-shell actions of internal and boundary faces together, we have
Here Θ fi and Θ B fe are the deficit angle and the dihedral angle respectively, which are determined only by the discrete metric g ll . Moreover ∀e ∈ ∆ * f ∈e j f is an integer. It contribute an overall sign when we exponentiate S f (g l1l2 , n e , ε).
We say a spin configuration j f is Regge-like if there exist the critical configurations solving the equation of motion, which is non-degenerate everywhere. Given a collection of Regge-like spins j f for each 4-simplex, the discrete metric g 1 2 (v) is uniquely determined for the simplex. Furthermore since the areas γj f are Regge-like, There exists a discrete metric g l1l2 in the entire bulk of the triangulation, such that the neighboring 4-simplicies are consistently glued together, as we constructed previously. This discrete metric g l1l2 is obviously unique by the uniqueness of g l1l2 (v) at each vertex. Therefore given the partial-amplitude Z j f (∆) with a specified Regge-like j f , all the critical configurations (j f , g ve , n ef ) with the same Regge-like j f correspond to the same discrete metric g 1 2 , provided a Regge boundary data. The critical configurations from the same Regge-like j f is classified in the next section.
As a result, for any Regge-like configurations j f and a Regge boundary data n efe , the amplitude Z j f (∆)| Non−deg has the following asymptotic behavior
where x c stands for the non-degenerate critical configurations (j f , g ve , n ef ) and C(x c ) is given by the follows
where H(x c ) is the Hessian matrix of the action S f and H (x c ) is the invertible restriction on kerH(x c ) ⊥ ; r(x c ) is the rank of Hessian matrix. The on-shell action on exponential gives the Regge action up to the sign factor sgnV 4 ∆i of the oriented 4-volume. However if we recall the difference between the Einstein-Hilbert action and Palatini action
where L EH and L P l denote the Lagrangian densities of Einstein-Hilbert action and Palatini action respectively, and ε is a chosen volume form compatible with the metric g µν = η IJ e I µ e J ν . Since the Regge action is a discretization of the Einstein-Hilbert action, we may consider the resulting action from the asymptotics is a discretization of the Palatini action with the connection compatible with the tetrad.
IX. PARITY INVERSION
Given a tetrahedron t e associated with spins j f1 , · · · , j f4 , we know that the set of four normals n ef1 , · · · , n ef4 ∈ S 2 , modulo diagonal SO(3) rotation, is equivalent to the shape of t e , if closure condition is satisfied [49] [56]. Given a set of non-degenerate solutions and configurations {j f , g ve , n ef }, as discussed above, the Regge-like spin configuration j f determines a discrete metric g ll , which determines the shape of all the tetrahedrons in ∆. The diagonal SO(3) rotation of n ef1 , · · · , n ef4 is also a gauge transformation of the spin foam action. Thus the gauge equivalence class of the critical configurations {j f , n ef , g ve } with the same Regge-like spins j f must have the same set of n ef . The degrees of freedom of the non-degenerate critical configurations are the freedom of the variables g ve when we fix a Reggelike j f . The degrees of freedom of g ve are encoded in the 4-simplex geometry. Given a set of data {j f , n ef }, the non-degenerate critical configurations within each 4-simplex are completely classified [35] [36] and are related by parity transformation.
Given a set of non-degenerate solutions and configurations {j f , g ve , n ef }, we can generate many other sets of solutions and configurations {j f ,g ve , n ef }. As discussed in [35] , the two solutions g ve andg ve are related by local parity in some 4-simplices. In Euclidean theory, within a 4-simplex σ v , if g ve = (g is also a solution of the same equations. The semi-geometric variables generated by g ve andg ve are related by local parity transformation, since
where P is the parity operator on Euclidean vector space. Then let us look at the relation between semigeometric bivectors X f (v) andX f (v), whereX f (v) is the bivector defined by usingg ve . We have the relations
Then we can easily get X i0 (v) = −X i0 (v) and
Reminding Eq.(106), we can get
Then recall Eq.(197) we get
Because β ee (v) = α ee (v)ε ee (v),
Then β ii (v) =β ii (v) since j β ij N ej = 0. Based on this and the definition of
As in subsection VII, use Eq.(115) we can get
The minus sign is from the fact that det P = −1. Then the global signs ε(v) = sgn(β j0j0 )sgn(V 4 ) are the samẽ
This result shows that when we change σ v into its parity oneσ v , the global sign stay invariant. The fact that the local parity change the sign of the 4-volume of the 4-simplex leads to some interesting consequences. First of all, given any critical configuration {j f , g ve , n ef } with a Regge-like spin configuration {j f }, we can always subdivide the triangulation ∆ into sub-complexes. Each of the sub-complex has a constant sgnV 4 . Now we understand that the local parity transforms a configuration {j f , g ve , n ef } to a new configuration {j f ,g ve , n ef }, which may have different subdivision according to sgnV 4 . On the other hand, for each subdivision with a critical configuration x c = {j f , g ve , n ef }, there is always another critical configurationx c = {j f ,g ve , n ef } obtained from the former one by a global parity, which leaves the subdivision unchange but changes the 4-volume sign within each sub-complex. Thus the global parity changes the spin foam action at the non-degenerate stationary configuration into its opposite, i.e.
S(x
Note that the deficit angle, dihedral angle, and e⊂∂f n e are unchanged under the global parity, which is shown in the follows. Then let us get the relation between segment vector E l (v) and E l (v). Because Eqs.(114) and (201), we can getŨ
Then based on Eqs. (34) and (202), we can havẽ
From the above discussion we can find that the local and global parity inversionẼ
. Thus the parity configurationx c gives the same discrete geometry as x c , and only make an O(4) gauge transformation to the segment vectors. The matrix Ω vv is uniquely determined by E l (v) and is a spin connection as long as sgnV 4 (v) = sgnV 4 (v ), as shown in Section VIII. The global parity transformation does not change the subdivisions but flip the signs of sgnV 4 in each sub-complex. Given a spin connection Ω vv in a subdivision, the parity oneΩ vv isΩ
sinceΩ vv Ẽ ee (v ) =Ẽ ee (v). One can check that for a 4-vector V I ,gPV = PgV . Then from
andg vv =μ eΩvv , we find that µ e is invariant under the global parity transformatioñ
Now let us consider a boundary edge. In the case t e is a boundary tetrahedron, the parity transform the segment vectors E l (v) asẼ l (v) = −PE l (v) at vertex v, while leaving the boundary segment vectors E l (e) invariant. Therefore the spin connectionΩ ve ∈SO(4) is uniquely determined bỹ
Then the relation between the spin connection Ω ve before parity transformation andΩ ve is
where T = diag(−1, 1, 1, 1) is the time reversal keeps the spatial vectors E l (e) unchanged. Then because of gE(e) = −PgE(e) for spatial vector E(e), we havẽ
Then the same as before, we havẽ
Thus for both interior and exterior faces, the product e∈f µ e is invariant under the global parity transformation, i.e. 
Then let us consider the loop spin connectionΩ f of an internal face f . Based on the discussion about the relation between Ω vv andΩ vv , we havẽ
Recall Eq.(171), we write down the spin connectionΩ f (v) asΩ
From the relations sgnV 4 = −sgnṼ 4 , e∈f n e = e∈fñ e , P A f = − Ã f and PA f =Ã f we get
which is consistent with the fact that the deficit angle Θ f is determined only by the metric g ll which is invariant under the parity transformation. For the holonomyΩ e0e1 of a boundary face f , the relation betweenΩ e0e1 and Ω e0e1 is
As before reminding Eq.(183), we can get
which is consistent with the fact that the dihedral angle Θ B f is determined by the metric g ll which is invariant under the parity transformation.
Among all the critical configurations {j f , g ve , n ef } with the same Regge-like j f , there exists only two critical configurations such that the signs of the oriented 4-volumes are the same for all the 4-simplex σ v in ∆, while the two configurations are related by a global parity. For any critical configuration, it leads to the subdivision of the triangulation, where each sub-complex has a constant volume sign of the 4-simplexes. As we discussed above, we can always make a certain local/global parity transformation to flip the volume sign within some certain sub-complexes, which constructs the configurations such that the volume sign is constant on the entire simplicial complex.
X. DEGENERATE CRITICAL CONFIGURATIONS
In this section, we discuss the degenerate critical configurations. The degeneracy means that there exists 4 different edges e i , e j , e k , e l connecting vertex v, with a degenerate critical configuration {j f , g ve , n ef },
A. Classification
The Lemma 3 in [35] shows that within each 4-simplex, all five normals N e (v) from a degenerate critical configuration {j f , g ve , n ef } are parallel and more precisely N e (v) = u = (1, 0, 0, 0) once we fix the gauge. This result implies that the self-dual and anti-self-dual parts of SO(4) group element g ve are the same, since
In the following discussion of this subsection, if g There are two types of degenerate solutions of the equations of motion. We call them Type-A and Type-B respectively. (2) solutions within a 4-simplex, i.e. we can only find a single SO(4) solution g ve = (h ve , h ve ) [35] . We call the configurations and solutions {j f , n ef , g ve } defined in this way within all simplices a Type-B configurations.
B. Type-A asymptotics
The Type-A degenerate configurations are constructed from the non-degenerate critical configurations, which has g The action S f (g l1l2 , n e , ε)| Type−A is almost the same as the non-degenerate one S f (g l1l2 , n e , ε)| Non−deg in Eq.(189). The only difference is that in the Type-A case, the action is γ independent. As a result, for any Regge-like configurations j f and a Regge boundary data n efe , we can have a Type-A asymptotics by summing over all Type-A degenerate critical configurations 
C. Type-B asymptotics A Type-B degenerate configuration {j f , g ve , n ef } gives a so called vector geometry on the complex ∆. The vector geometry is determined by the discrete geometric variables V f (v) and V f (e) which are 3-vectors. They are interpreted as the normal to the triangle f . Given a Type-B degenerate configurations {j f , n ef , g ve }, we can reconstruct them by using semi-geometrical variables X ef ≡ X ± ef = γj f n ef
The same as the discussion in the non-degenerate case, because of the parallel transportation of the vector n ef , the loop holonomy of an internal face f i and the holonomy of a boundary face f e can be written in the following way respectively G fi (e) = exp(iφ fi n efi · σ)
G fe (e 1 e 0 ) = g(n e1f ) exp(iφ fi σ z )g −1 (n e0f ) (233)
Thus the action becomes
For a given vector geometry variables V f (e) and V f (e), we can uniquely determined the solutions of h ve as exp(iΦ ve J) ∈SO(3). However in spin foam model what we are using is the spinor representation of SU(2) group. Because SU(2) is the double cover of SO(3), ∀h ve ∈SO(3), there are two SU(2) elements h (238) Note that if we make a suitable gauge fixing for the boundary data, we can always set Φ fe = 0 see e.g. [35] .
XI. GENERAL CRITICAL CONFIGURATIONS AND ASYMPTOTICS
For a given critical configuration {j f , g ve , n ef } in the most general circumstance, we can always divide the complex ∆ into the non-degenerate region, Type-A degenerate region and Type-B degenerate region, according to the properties of critical configuration restricted in the regions. In non-degenerate region and Type-A degenerate region, we make further subdivision into the regions with V 4 > 0 or V 4 < 0. See Fig.5 for an illustration. Therefore for a generic spin configuration j f , the asymptotics of the spin foam amplitude Z j f (∆) is given by a sum over all possible critical configurations x c , which in general gives different subdivisions of ∆ into the 5 types of regions rameter γ is small. To answer this question in general requires a detailed investigation about the rank of the Hessian matrix in general circumstances. We leave the detailed study about its rank to the future research.
In this work we show that given a Regge-like spin configuration j f on the simplicial complex, the stationary configurations {j f , g ve , n ef } are non-degenerate, and there is a unique stationary configurations {j f , g ve , n ef } with the oriented 4-volume V 4 (v) > 0 (or V 4 (v) < 0) everywhere. We can regard the critical configuration {j f , g ve , n ef } with V 4 (v) > 0 as a classical background geometry, and define the perturbation theory with the background field method. Thus with the background field method, the n-point functions in spin foam formulation can be investigated as a generalization of [57, 58] to the context of a simplicial manifold.
